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1. Introduction
Suppose that G is a ﬁnite group. If χ ∈ Irr(G) is an irreducible complex character of G , then the
ﬁeld of values of χ is Q(χ) = Q(χ(x) | x ∈ G), the smallest ﬁeld containing its values. If x ∈ G and
C is the conjugacy class of x in G , then we write Q(C) =Q(χ(x) | χ ∈ Irr(G)).
An irreducible character χ ∈ Irr(G) is quadratic if |Q(χ) :Q| = 2, while a conjugacy class C of G
is quadratic if |Q(C) :Q| = 2.
In our unpublished note [5], we conjectured that the number of quadratic characters was the
number of quadratic classes in groups of odd order. For quite some time, this problem has remained
a challenge for us. After we sent our note [5] to E.C. Dade to bring our problem to his attention, he
responded us with a manuscript [1] in which he proved, among other things, our conjecture. Inspired
by Dade’s brilliant ideas in [1], we realized that we could use Isaacs theory of solvable groups to solve
our original conjecture. This proof is what we present in this note.
Theorem A. Let G be a ﬁnite group of odd order. Then G has the same number of irreducible quadratic char-
acters as of quadratic conjugacy classes.
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of Theorem A cannot be weakened.
2. Proof of Theorem A
Suppose that G is a ﬁnite group. If n is any positive integer, then Gn = Gal(Qn/Q), the Galois group
of the nth cyclotomic extension over the rationals, acts on the conjugacy classes of G consisting of
elements of order dividing n via
clG(x)
σt = clG
(
xt
)
,
where σt ∈ Gn , t is an integer and σt(ξ) = ξ t for nth roots of unity ξ . If χ ∈ Irr(G), then χ(x) ∈ Qn
and
χ(x)σt = χ(xt).
Since x and xt are G-conjugate if and only if χ(xt) = χ(x) for all χ ∈ Irr(G), we have that the stabilizer
of the conjugacy class C = clG(x) in Gn is Gal(Qn/Q(C)). We easily see that the map
Gal
(
Qo(x)/Q(C)
) → NG
(〈x〉)/CG(x)
given by σt → gCG(x), where xt = xg is a well-deﬁned group isomorphism.
We work toward a small generalization of Theorem A in the introduction.
(2.1) Lemma. Suppose that G is a group of odd order. Let C be the conjugacy class in G of x ∈ G. If H =
Gal(Q(C)/Q) has a cyclic Sylow 2-subgroup, then x is a p-element for some prime p.
Proof. Let n be the order of x. Let G = Gn = Gal(Qn/Q), and let P and K be the Sylow 2-subgroup
and the Sylow 2-complement of G . By the comments preceding this lemma, we have that
∣
∣NG
(〈x〉)/CG(x)
∣
∣ = ∣∣Qn :Q(C)
∣
∣,
and therefore is odd. Hence U = Gal(Qn/Q(C)) ⊆ K. By elementary Galois theory, G/U ∼= H has a
cyclic Sylow 2-subgroup, and we conclude that P is cyclic. Finally, if n = pe11 · · · pekk is the decom-
position of n as product of (odd) different primes, then G ∼= Gpe11 × · · · × Gpenn has a cyclic Sylow
2-subgroup if and only if n is a prime power. 
Now, we introduce Isaacs Bπ -characters. In any π -separable group G , M. Isaacs deﬁned a canonical
subset Bπ (G) of the complex irreducible characters Irr(G) [2]. The paradigmatic case was π = p′ (for
some prime p) and then Bp′ (G) turned out to be a canonical lift of the irreducible Brauer characters
of the p-solvable group G . Somewhat curiously, what we shall need in this note is the other extreme
case where π = {p}. Two easy facts on Bπ -characters are that if χ ∈ Bπ (G) then Oπ ′(G) ⊆ ker(χ)
and that Q(χ) ⊆Q|G|π (Corollaries (5.3) and (12.1) of [2]). Much deeper is the fact that |Bπ (G)| is the
number of conjugacy classes consisting of π -elements, and that the square matrix A = (χ(x)), where
χ ∈ Bπ (G) and x runs over representatives of the conjugacy classes of π -elements of G , is invertible.
(This follows from Corollary (10.2) of [2].) An elementary fact that follows from the deﬁnition is that
χ ∈ Bπ (G) if and only if χσ ∈ Bπ (G), where σ ∈ Gal(Q|G|/Q).
How to recognize Bπ (G)-characters? In general, this is not an easy task, since the deﬁnition of Bπ -
characters is quite technical. Fortunately, in groups of odd order there is an easier method. Let τ be
the Galois automorphism ﬁxing π -power roots of unity and complex-conjugating π ′-roots of unity. If
G has odd order and χ ∈ Irr(G), then χ ∈ Bπ (G) if and only if χτ = χ . (This is Lemma (3.1) of [3].)
The following key idea only occurred to us after reading Dade’s manuscript [1].
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= χ ∈ Irr(G). If H = Gal(Q(χ)/Q) has a cyclic Sylow
2-subgroup, then there exists a unique prime p such that χ ∈ Bp(G).
Proof. By elementary character theory, we have that complex conjugation is an automorphism
of Q(χ). Since G has odd order and 1 
= χ , we have that this automorphism σ is non-trivial. Hence,
σ is the only involution of H.
Now let K = ker(χ) < G . Let N/K be a minimal normal subgroup of G/K . Hence N/K is an el-
ementary abelian p-group for some prime p. We claim that χ ∈ Bp(G). Let 1 
= λ ∈ Irr(N) be linear
under χ . It is enough to show that χτ = χ , where τ ∈ H ﬁxes p-power roots of unity and complex
conjugates p′-roots of unity. Since H has a unique involution, we conclude that τ ∈ 〈σ 〉. Thus χτ = χ
or χτ = χ¯ . Suppose that χτ = χ¯ . Then χτ = χ , and we deduce that λτ and λ are irreducible con-
stituents of χN . By Clifford’s Theorem, and using that λτ = λ, we have that λ¯ = λg . Hence λg2 = λ, and
since G has odd order we have that λg = λ = λ¯, and λ = 1. This is a contradiction. Now, if χ ∈ Bq(G)
for some other prime q, we will have that Op(G/K ) will be contained in the kernel of χ , and this is
impossible. 
(2.3) Theorem. Suppose that G has odd order. Let H be a group with a cyclic Sylow 2-subgroup. Then
G has the same number of classes C with Gal(Q(C)/Q) ∼= H as of irreducible characters χ ∈ Irr(G) with
Gal(Q(χ)/Q) ∼= H.
Proof. By Lemma (2.1), we have that the conjugacy classes C of G with Gal(Q(C)/Q) ∼= H consist
of p-elements for certain primes p. By Theorem (2.2), the irreducible characters χ ∈ Irr(G) with
Gal(Q(χ)/Q) ∼= H are in Bp(G) for certain primes p too. Hence it is enough to show that for a
ﬁxed prime p, G has the same number of Bp-characters χ with Galois group isomorphic to H as of
conjugacy classes C of p-elements with Galois group isomorphic to H.
Fix then a prime p, and let us form the invertible square matrix
A = (χ(x)),
where χ ∈ Bp(G) and x runs over representatives of the conjugacy classes of p-elements of G .
Set |G|p = pa . Since Bp-characters have values in Qpa and Q(C) ⊆ Qpa if C is a conjugacy class
of p-elements, we have that the cyclic group G = Gpa = Gal(Qpa/Q) acts on the conjugacy classes
of p-elements of G and on the Bp-characters of G . Since G is cyclic, both actions are permutation
isomorphic by Brauer’s Lemma on character tables (Theorem (6.32) of [4]) and Lemma (13.23) of [4].
It then follows, that for every subgroup U of G , there is the same number of classes of p-elements
with stabilizer U than irreducible Bp-characters. Since a class of p-elements C has Gal(Q(C)/Q) iso-
morphic to H if and only if the stabilizer of C in G has size |G|/|H| (using that G is cyclic), and the
same happens with Bp-characters, the theorem easily follows. 
(2.4) Theorem. Let G be a ﬁnite group of odd order. Then G has the same number of irreducible quadratic
characters as quadratic conjugacy classes.
Proof. Apply Theorem (2.3) with H = C2. 
3. Some examples
A ﬁnite group which is a semidirect product of C9 × C7 with C3 shows that quadratic extensions
cannot be replaced with quartic extensions. (Of course, some of these extensions are isomorphic to
C2 × C2, as predicted by Theorem (2.3).) There is a 2-group G with Z = Z(G) = C2 × C2 and G/Z = D8
that does not have the same number of quadratic classes as of quadratic characters. Finally, there is a
group of order 24 · 7 (hence not divisible by 3) having distinct number of cubic characters than cubic
classes.
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We are doubly indebted to E.C. Dade. First for giving an aﬃrmative answer to our conjecture, and
second for allowing us to publish our proof of it.
References
[1] E.C. Dade, Galois actions on classes and characters of ﬁnite groups, preprint.
[2] I.M. Isaacs, Characters of π -separable groups, J. Algebra 86 (1984) 98–128.
[3] I.M. Isaacs, Characters and Hall subgroups of groups of odd order, J. Algebra 157 (1993) 548–561.
[4] I.M. Isaacs, Character Theory of Finite Groups, Dover, New York, 1994.
[5] G. Navarro, Quadratic ﬁeld of values in groups of odd order, privately circulated.
